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2 D: Queueing Basics

Study chapter 3 of

Queuelng BGS'CS [Bertsekas/Galagher]

Our goal today: Overview:
0 develop an Q Basic Queueing model
understanding of the 0 Little's law

fundamentals of a Markov everywhere: M/M/ ...

ECll:\GC'iTY S"i ?ﬁlay a From single queues to
ehaviour or The networks of queues

Q Beyond Markov properties

Internet core

Q approach:
o straight into the

heart of the
matters
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Arrivals Departures
e

Context

Queue Link
(waiting area) (Server)

Q Why study queues?
o Framework for analyzing network queueing delay.
a Typical measures of interest:

o The average number of customers in the system.

o The average delay per customer. Think of:
dServer: Router

QCustomer: Packet

o The customer arrival rate 2. Q A arriving packets per
second

QL bits per packet

Q C bits per second
(link bandwith)

Qu=L/C

Q What do we need as input?

o The customer service rate .
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Queues in the Internet

d

Arrivals \ Departures
> g

Queue Link

waiting area
1 Router ( g ) (Server)

o e.g. buffering of incoming packets (waiting to be routed)

o e.g. buffering of outgoing packets (waiting to get on the link)
a Client

o e.g. buffering of streaming media
a Server

o e.g. buffering requests to be processed



The generic model of a queue

Arrivals Departures
—_— >

Queue Link
(waiting area) (Server)

H-—

2 Buffer of size K
(# of customers in system)

A Customers arrive at rate A
Q Customers are served at rate y

Q A and p are average rates
but we don't bother much about this for now

D: Queueing Basics
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Queues: General Observations

Q Increase in A
o more customer¥s in queue (on average),
o longer delays to get through queue;

Q Decrease in u:
o longer delays to get processed,
o leads to more customers in queue;

Q Decrease in K:
o customer drops more likely,
o less delay for the "average” customer accepted into the queue.
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Queuelng parameters of interest

_®R)

RS ___ /\63/8
B Q\\lﬂj lﬁ'ﬁ/ poCe

®

0 Number of customers
o in queue: N
o in service: N, (‘utilisation’)
o in the complete system: N

Q Customer time spent
o in queue: W
(waiting time)
o In service: S
o in the complete system:
R (response time)
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Little's Law N EWEEDE . gy —

a Let ¢, be the i™h customer arriving to the queue

A Let N, be the number customers already
in the queue when c; arrives

Qd Let R, be time spent by ¢; in the system
o both in the queue and while being served

A If K = o (unlimited queue size) then

foni2 eXPe-CTaTton
Or averqge’

I you like
EIN] - Iltn E[N.] :@l.m ER] {EIR]

|—)°° |— o0
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Little's Law in various flavours

On the long run (t—>),

Q System
o E[N] number of customers in system, on average.
o E[R] response time, on average.
E[N] = % E[R] ™ /s
O Queue
o E[N,] queue Jength, on average.

o E[W] wagiting time, on average. R
Wy = EIN.T=() E[W]
Q Server A G GLS

o E[N,] utilisation on average.
o E[S]servicing time on avera

E[N, 1= 1 E[S]
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Little's Law

How to understand the law:

d An average customer @ sees an average queue
length E[N,].

A It takes him E[W] on average to
travel through the queue.

R
0 When@ leaves the . W 5 7;/77
queue, on average <
.l.he queue .............. i
still has length E[N_], 3
being r'efllled with rate A N N, ,/‘S;OQC
dur'mg E[W]. N e
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Little's Law

How to understand the law:

d An average customer @ sees an average queue
length E[N,].

A It takes him E[W] on average to Q@j& QXN"\X

travel through the queue. (
\ R \

Q When@ leaves the PN - . 7},77
queue, on average <
'l-he queue ............ @
still has length E[N_], 3
being r'efllled with rate A N N, ,/‘S;OQC
dur'mg E[W]. N €
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Little's law

a Relrt~= —mmn- 1 some entity to
0 "Thne o I
0 uveraye 1s in this entity

Q No assumptions about

%0y b
Q Only based on expected values, fo,,( L
only provides long-run expectations ONRCS
Sf) €r
U Vo
ef"l/ e’?e
O/vA_S Q/

d Independent of %

o number of servers (could have more servers per queue), e

o used scheduling discipline (could serve in reverse order), e ey

o queue length etc etc.
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An application of Little's law

Q Consider a window flow control system for packet
transmission, with window size W.

2 There cannot be more than W
packets in the session at any time, i.e. W 2E[N]

ad According to Little

(W>@E[R]

where R is the response time of the system.

a Now, if congestion builds up an@cr‘eases,
@must eventually decrease.

Q: How?
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The M/M /1 Queue

=
d So far we have been quite relaxed about the arrival time
distributions and the service time distributions.

a Now let's study a specific case »-~

the so-called M/ M/1 queue.

This type of queue has been a classical model for telecommunication
network dimensioning, and continues to serve as a model for Internet
traffic -- though being somewhat less appropriate. (More on this later).
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The M/M/1 Queue

a The M/M/1 queue is obtained by fixing bofmonde\:s of

o M: Markov (i.e. memoryless) arrival rate A are P‘f“rg{“ distr

.

o M: Markov (i.e. memoryless) service rate p expone’
o 1. asingle service station.

a For given A and p we know E[N]=1 E[R] etc.

2 How do we determine E[N] or E[R]?
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On the appropriateness of the
exponential distribution

Q Statistical independent behaviours
naturally lead to the exponential distribution.

Q Examnl~-
C
o €ars passing bridges
(except rush hour etc)

o length of files on an arbitrary computers
(prior to mp3) . ' ar?
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On the appropriateness of the
exponential distribution

d Lucent Press Release, June 6, 2001
http://www.lucent.com/press/0601/010606.bla.htlm

Cao, Cleveland, Lin, and Sun, "Internet traffic tends toward
Pazss'on and Independenf as the Load Increases” (2002)

‘Packet interarrival times 1 R

(of aggregate traffic) become LWN rmmm
exponentially distributed and | [“o /s '2% T Ba e
independent as the link load : i

increases’ N
(0] ] i
o Vs | M

Not so sure bl T T
about this!
WNMWM VWM\{\W

heavy-tailed (self-similar) exponential



"A state diagram for the o Queseing Bestes
M/M/1 queue

one \G\ﬂgex i
“humber of
customers
In system:

d Is a 'Continuous Time Markov Chain’

0 E[N] si n P(N=n)
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M/M/1 queue analysis

Let's assume an infinite buffer capacity 0
(we are not the only one to do so). > =
0

We are dealing with the following matrix

for which we need to solve
7Q =0

to obtain the steady-state state probabilities P(N=n)=r,.

If A<pwe ge‘r:=
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M/M/1 queue analysis

As long as A < y, queue has the
following (long-run) limit
properties

3 Notation
o p=Ay

- ratio of
arriving/departing traffic

(‘traffic intensity’)
o N =# customers in system

o R = customer time in
system

D: Queueing Basics

0 P(N=n) = p"(1-p) “
o (indicates fraction of time spent
with n customers in queue)

o Utilization=1-P(N=0)=p

0 E[N] =X n P(N=n) = p/(1-p)
n=0

D@: E[N]/ A (Little)
570 (-p) = 1/ (u- 1)
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M/M/1 queue analysis

20 1: Introduction

Queueing delay (revisited) [Bl

average
queueing delay

0 R=link bandwidth (bps) :
Q L=packet length (bits)

QO a=average packe’r arrival
rate

-~

traffic intensity = La/R gt

*» [a/R

Q La/R ~ O: average queueing delay small
Q La/R -> 1: delays become large

a La/R > 1. more "work" arriving than can be
serviced, average delay infinitel
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M/M/1 queue analysis

A

Q: Why this?

Average queueing delay

é — — — — — — — — — — — —— ——————— A —

p=A/p
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‘e,

Bounded buffer M/M/1 queue K.,

eo’

d Also can be modeled as a CTMC

o requires K+1 states for a model (queue + server)
that holds K packets

o stay in state K upon a customer arrival

A A A A
‘:’ |
v ! H H
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Bounded buffer queue properties

p"(1-p) / (1 - p*1), p21
a P(N=n) =<
1/ (K+1), p=1
f"
p/((1-p)(1 - p¥1)),  pzl
0 E[N] =<
1 / (K"‘l), p:]. (‘\_ ) p\@l)
(- bY
nde puffer volues
. bou
divide V"

Q Utilisation = 1 - P(N=0) = p(1 - pK)/(1 - pk+1)
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What if many servers
serve the same queue ?

0 The extreme case: M/M/HlYf =

3 No waiting, always someone
around to serve you!

o

OO

a Resionse time:
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What if many servers
serve the same gueue ?

d The not-so extreme case:

A
J

I m servers at your service,
serving a single queue

Q Deutsche Bahn is moving
towards this model lately.

Q: Why?

SHEOEE

r
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Networks of queues

-
:
2 1T i PR
O Queueing networks consist of {m)
o queues

o routes of customers

A If all component queues are M/M/ ...,
you now know how to analyse them!
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Networks of queues

X

2 __TTTH8 4

3

O Queueing networks consist of {m)
o queues

o routes of customers
A If all component queues are M/M/ ...,
you now know how to analyse them!
ad A simple example:
‘"Tandem’ queue:

o 1st: M/M/1 with queue size 3
o 2nd: M/M/5 with queue size 3

=

=

A




