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D04 Martin Davis
Theorem: The Sum of two even numbers is again even

Proof: (Presburger Arithmetic)

12000 Aan Newell, Herb Simon
Theorens: from Principia Mathematica
Proof: Logic Theorist

Dartmouth Conference

Psychology ' Neafy Logic

Logic Theorist W Meatrix
\\oodly Bledsoe I\Iewell Resolution
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1 . Qassical Automated Theorem Proving
e Resolution

o Tableaux-Methods
« Matrix and Connection Method

2 . Tadtical Theorem Proving
e Automath
« NUPRL
. IMPS
o ISABELLE etc.
3. Human oriented Theorem Proving
« Natural Deduction

« \Woody Bledsoe
*  Proof Planing: OYSTER-CLAM, MEGA
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Deduction Systems
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Automated theorem proving is not
the beautiful process we know as
mathematics.

Thisis,, cover your eyeswith
blinders and hunt

through a cornfield for a
diamond-shaped grain of corn® ...

Mathematicians have given us a
great deal of direction over the
last two or three millennia.

Let us pay attention to it.

Woody Bledsoe, 1986
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Can we
do better r)
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Knowledge based Proof Planning

AI-PLANNING IN THE BLOCKS WORLD

0 O
on(A,B), on(B,C), on table(C), \
on_table(D), free(A), ...

D

on_table(B) L\\\\\\\\\\\\\\\\\\\\\\\\\\\\

PUTDOWN(X):
precondition; holding (X)
effect: (+) on_table(X), hand empty
(-) holding(X)

PICK(A), putdown(A), pick(B), putdown(B)
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Methods in Proof Planning

rermmm—————

Specification
Declarative Part
Tactic
Procedural Part
. Alan Bundy (1989):
“A Science Of Reasoning’
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Methods: An Exanple

method: mdirect

conclusions SL4

\
‘ premises GL2
\
\

L1. =Th F

L2 A —-Thh
proof schema | |3 A =

L4 A p
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Knowledge based Proof Planning

4 y

d 'caIProofPI edge
) o o «Classi annlng
..:..0‘.‘ Ressources <X o
o o o ® 'Q”VV'edgebasthrﬂm
® ° ® o ® ®

() ‘Q () .:.
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Mathematical Control Knowledge

Global mathematical control:

Prove |a| <b directly or via auxiliary variabels
] prove|al <bby Sol ve_b, Sol ve* or
..LI nHeuristic.

«Use important parts of assumptions to introduce

auxiliary variabels/inequalities:
e.g. LimHeuristic requires:
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(contral-rule attack-inequality
(IF (goal-metches (?goal (?x < %))
(THEN
(prefer((Solve< ?goal)

(Salve* ?goal)
(ComplexEstimate ?goal)
(Simplify ?goal))))

(control-rule case-analysis-intro
(IF (last-method (Rewrite (?C -> ?R))) AND
(failure-condition (trivial ?C)))
(THEN (select (CaseSplit (?C or nat ?C)))))
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Peter Deussen: Semigroups and Automata,
Springer Verlag, 1971

Theorem4.8:; Let and be two equivalence relations.
Then ( O )tis also an equivalence relation.

Proof:  (Idea)
TO be ShO\Nn: S:D + Formula Reason
; 1, + EqRel(o) (Hyp)
.Sym*retry _ .k EqRel(p) (Hyp)
.. - . krefio) A symm(ea) Atrans(o)  (Def-EqRel 1)
-ReerXIVIty _ . Fref(p) A symmip) A trans(p}  (Def-EqRel 2)
e : v YT YN U p)(x)
e [ransitivity e (7{x) V ulx))  (Def-Union)
: 1.2,5 - ref({c U p)®) (PLAN)
i ( [] ) t : 1,2;5 b symm{{z U p)") (PLAN)

1.2.5 - trans({o U p)*) (PLAN)

1,2,5 EqRel({c U p)*) (Def-EqRel 97 98 99)
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More Exanples: epsilon-delta Proofs

¢ Summensatz (LIM+)

rT—rid r—ri r—r i

¢ Produkisatz (LIM*)
lim f(iﬂ) = Lj_ A ilﬂ:;g(:r) — Lg — lim f(:l?) #* g(:ﬂ) = L"]_ * Lg

E—rii r—r i
e LIM—, ContlfDeriv, Continuous+, Continuous—, Continuous™,

ContCompos, lim 2% = o? efc.
E—ri
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Method for Limit Theorens

method: ComplexEstimate
premises L1, sl2.al3, ald

conclusions ol7

appl.cond 3k, I, o(CASextract(a, b) = (k,{,0))
L1. A la| < ey (}
L2 A k| <M (OPEN;)
L3. @] < €/2% M (OPEN)
L4. A 1] < e/2 (OPEN)}
proof schema | |5 Tl (Ax)

L6. b=k%ay+1 (CASLS5)

L7. A B < e fixL2,
L3,L4 L6}

CASaxtract(\__f(Xﬂ = EE’ ;($) +glz) — (1 + 121) = (L, {g({x) — ), [z/X4])

4 b Source: Erica Melis
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Construction of mathematical Objects

CONSTRAINT SOLVING:
Collecting constraints and check for consitency

Hnal constraint store for LIM+

<
<
<

A IA A

MNOoA

Source: Erica Mlis
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Proof Presentation to the User

Verbalisation of ComplexEstimate:

In order to estimate the magnitude of |b|

we rewrite the term to |k + a 4

and use the Triangle lhegquality |k+a+ | < |kxa| + |I|.
Now the goal can be shown in three steps:

e There exists an M such that |k| < M and
o |a| <e/(2 M) and
& |I|¢: Efﬂ-

Then |b| < |k|* |a|+ | <« M=xe/(2x M)+ ef2 =¢
and therefore |b| < e

Source: Erica Melis
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PDS:. Representation of (partial) Proofs

controlled plan formation .

Methods = Proof Plan (high-level)
—_—

partial
specification

Tactics, Methods

composition

I
|
i
i
ﬂ:{PﬂﬂS]ﬂl—l\]F

1
i
I
I

Tactics. Methods 2% p:u‘msi-:m‘,?‘

composition P Y ) |
AT h i

expansiont
I

|

Calculus-Level i G i . = Calculus-Level
Proof Rules (ND) /== <=7 : =% Proof (ND)

check for correctness




MEGA -ANTS: Combining ATP with Proof Planning

eCONcurrency and ressource ,mmmy
adaptive behaviour
«anytime algorithms
«flexible integration of: Kontrdle
_natural deduction N Lsomamgndos

—tactics and methods R £ /7|
—external systems ?ANTS
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Mathematical Assistance Systems

Integrated Mathemetical
Assistant Environment vS:
Interaction Modelling Presentation \Communication
.2 g
Maintenance of
Mathematical
Abstraction Deduction Computation Knowledge
lications Join of resources necessary
Mathemetics reserach Systemlevel: Coq, NuPr, Research Networks:
Mathematics education Isabelle/HOL, PV'S, Theorem, Calculemus, MKM,
Formel methods QMEGA, Clam .. Monet, MoWGL!
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The OMEGA SYSTEM

EXTERNAL
REASONERS

OMEGA CORE 5YSTEM

Praof Transtormation

TRAME |
. SAPPER
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Proof Planning: A Screen Shot

& Lovely Omega User Interface@leibniz {Proof Plan: LIM-PLUS-5)
File Planner Agents Misc Tactics Presentation Extem Verify Mbase Rules Flanning Omega Basic Options  Help

Hypothesis Tenn Method Premises
Lé L30 < d SOLVE-E-S 1
';;TQ;;U?R?Ex@ * ig ®rd - (Timitl +COMPLERESTIMA (28 [38 [39 (40 L4
0 <e HY P
(lx = al < dy a {greater |x HYP
|x = al < d AndE-m
greater |x - a] O BndE-m
10 Lo < el SOLVE-E-S
Lio L ¢|=x1 - &l < diy ~ {greater |SOLVE-B-S
LIMIT O < dil UNWREAPHYF-5
L10 L focus §]4F =1y - limitl]| < eUNWRAPHYP-5
L1g L |6F =1y = limitl| € el REMOWVEFOCUS—H
10 L0 < g2 SOLVE-B-5
10 L {|=x2 - a] < d2» ~ {greater |SOLWE-E-5

Location:

ComplexEstimate:

In order to estimate the magniude of

[{0F %) + (g x3) = (limitl + limit2)| < g

we rewrite the term to

[{L = C(F x) = limitl}y + [{g x} = limit2]],
£ / ¥ y and use the Triangle Inequality:

] = [ {6F x> + {2 xpr = (limitl + limit2})|

i =¢ (|1 %= (0F x) - limitld| + |fg xi - limit2]2.
Output 1 Message ] Error} Warning 1 Trace 1

i Thiz goal can be shown in three steps:
1, There exists anml suchthat 1] < ml,and
2 4F %) - Limitl| < e # {2 * mid},end
3 |tg xr - limit2] < {2~ 23,
Then
[€6F %3 + {2 =xdr — (limitl + limit2) |
=< 1= C0F wr - Limitld | + [{g =» - limit2]
$odml % fe A 42 = mlid) o+ (e S 2}
= e
and therefore | ({f x» + {2 x3» — {(limitl + limit23| < e,

Kl T N

Tie: doms o @0 (a @o @ A Ao Az Foo Tomkas  Depthoa
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Proof VVerbalization

§ LML Browser

P.REX (successor of PROVERB):

\, o lifting of proofs in the PDS to
, - assertion level

e Mmacro-planning text structure

T e micro-planning sentence structure
Vo and linguistic realization
e « (Qgeneration of natural language

divisor of n and dc_251. Letmin Z, let sqri¢2)*n = m and let

there be no de_255 in Z such that dc_255 is a common divisor of n -

and . N in Z, min Z and sqrt{2*n —m lead to 2402 = m#2. represel " at| oNn

Therefore m*2 is even because nin Z and min Z, That implies that

mis even because min Z. That implies that there is a dc_263inZ

such that m = 2*dc_263. . . I : '

Lo Zilan: Tt 2L ez e pre-required: linguistic knowledge
Z,mn=2*k and 2*n"2 = m"2, Thatimplies thatn"2 is even sincen

inZandkinZ Thatleads to evenn becauseninZ Hence2is a

common divisor of n and m since mis even, nin Z and min Z. Thus 7 .

we have a contradicton because there is no de_255 in Z such that L4 user-adaptlve pra)f eXpI anatl On

de_255is a common divisor of n and .
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Ein integriertes mathematisches Assistenzsystem

S g — —— s

Grundlagenforschung!
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— XML-Representation

— Semantics (OpenMath) extended by meta data (jpulbl,
mathematical, and pedagogical)

— Formal content for
«Calling external systems
oIntelligent search functionalities

B WMatherratical Ontology

Ringvorlesung: ’ F u Universitat des Saarlandes

Saarbriicken den 16. 2. 2005



Knowledge: the building blocks in OMDoc

<definition id="c6slp4_Th2_def _nonoi d* for="c6slp4_nonoi d">

<HE¥'nd%9§Hd gan0631p4 Th2_def _nonoi d" for="c6sl1lp4_nonoi d">
et a aesft "cpl_Th3" nanme="structure" />
9 structure

{:ﬁ@%ﬂ%&éle Bﬁfrsghs%f et Htr)%m éj</ Title>
gs4en >Definition.of a rond VWS | eructure

5 r&@h}ﬁ-@&f'»ﬁ ructure"> structure </ ref >

i structure
_IS mentar " nane="ordered-triple"/>

abdY Tl > <ovs cd=" cp4_Th2" nanme="tinmes"/> <OVB cd="cp4_Th2" nanme="unit"/>

h|ch
g t | mes]

<C]VB cd=" eI errent ary" nane="ordered-pair"/>

I;,la se ; %%ﬁnl Yféup <OVB cd="cp4_Th2" name="tinmes"/ > An E)(an,nle
|Fn semJ j-group —

<refm<thefm1|clﬁslp3 Th2_def unit">unit</ref>

€ovory X ns="http://ww. openmath or g/ Qpeniat h" > A I\/U\UD

</ defi H\/fi, 6fs" cp4_Th2" name="unit"/>
</ OVEB

<FWB<GV@J> ... </ OVOBJI></ ENP>
<FNBPKAMOBAR>. . . </ OMOBI></ FVMP>
</definition>
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Ein mathematisches Assistenzsystem

Provision of
Semantic Background

MBase/
TeXmacs — Maya

Storing Documents

(il -
Interactive Proof Support
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Schickard:
Die erste mechanische
Rechenmaschine der Welt.
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