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Abstract. We introduce and study functor-functor and monad-comonad interaction laws as math-
ematical objects to describe interaction of effectful computations with behaviors of effect-performing
machines. Monad-comonad interaction laws are monoid objects of the monoidal category of functor-
functor interaction laws. We show that, for suitable generalizations of the concepts of dual and
Sweedler dual, the greatest functor resp. monad interacting with a given functor or comonad is its
dual while the greatest comonad interacting with a given monad is its Sweedler dual. We relate
monad-comonad interaction laws to stateful runners. We show that functor-functor interaction laws
are Chu spaces over the category of endofunctors taken with the Day convolution monoidal struc-
ture. Hasegawa’s glueing endows the category of these Chu spaces with a monoidal structure whose
monoid objects are monad-comonad interaction laws.

1 Introduction

What does it mean to run an effectful program, abstracted into a computation?

In this paper, we take the view that an effectful computation does not perform its effects; those
are to be provided externally. The computation can only proceed if placed in an environment that can
provide its effects, e.g, respond to the computation’s requests for input, listen to its output, resolve
its nondeterministic choices by tossing a coin, consistently respond to its fetch and store commands.
Abstractly, such an environment is a machine whose implementation is opaque to us; we can witness its
behavior, its evolution through externally visible states.

To formalize this intuition, we follow Moggi [23] and Plotkin and Power [20] in regards to allowed
computations (the chosen notions of computation) and describe them using a monad (resp. algebraic
theory) T on the category of types and functions that we want to compute on. Allowed machine be-
haviors (the chosen notion of machine behavior), at the same time, are described with a comonad D.
An operational semantics is then described by what we call an interaction law, a natural transformation
¢ : TX x DY — X x Y compatible with the (co)unit and (co)multiplication. This polymorphic function
sends a computation (77X) and a machine behavior from some initial state (DY) into a return value X
and a final state Y. It is also fine to work with notions of computation and machine behavior that do
not include “just returning” or/and are not closed under sequential composition; those can be described
with plain functors instead of a monad and a comonad.

We take special interest in the questions (a) which is the “greatest” comonad interacting with the given
monad T (so any interaction law of T' with any comonad would factor through the canonical interaction
law of T" with this comonad)? and (b) which is the “greatest” monad (resp. functor) interacting with a
given comonad D (or functor G)? To answer these, we draw inspiration from algebra, where the dual of
a vector space V is V° = V — K. The answer to (b) turns out to be: the dual of D (resp. G), under
a suitably generalized concept of dual. Question (a) is harder. To answer it, we need to generalize the
concept of what is called the Sweedler dual. The greatest comonad interacting with 7" is the Sweedler
dual of T'.

The contributions in this paper are the following:

(i) We introduce functor-functor interaction laws, define the dual of a functor, and show that the greatest
functor interacting with a given functor is its dual (Section .

(ii) We study monad-comonad interaction laws as monoid objects of the category of functor-functor
interaction laws. We show that the dual lifts from functors to comonads and that the greatest monad
interacting with a given comonad is its dual whereas for monads it does not lift like this; for the
greatest comonad interacting with a monad, the Sweedler dual is needed (Section .

(iii) We relate monad-comonad interaction laws to stateful runners of Uustalu [36] (Section .
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(iv) Using the Day convolution and duoidal categories, we recast monad-comonad interaction laws as
monoid-comonoid interaction laws, and relate them to two standard constructions: Chu spaces and
Hasegawa’s glueing (Section @ This gives us a method for computing the Sweedler duals of free
monoids (monads) and their quotients by equations.

We also introduce and study residual functor-functor interaction laws, monad-comonad interaction
laws and stateful runners as generalizations where the machine need not be able to perform all effects of
the computation (Section .

We assume the reader to be familiar with adjunctions/monads/comonads, extensive categories [11],
Cartesian closed categories, ends/coends (the end-coend calculus [9120]). In a nutshell, extensive categories
are categories with well-behaved finite coproducts.

Throughout most of the paper (Sections , we work with one fixed base category C that we assume
to be extensive with finite products. For some constructions (the dual of a functor), we also need that C
is Cartesian closed. For the same constructions, we also use certain ends that we either explicitly show
to exist or only use when they happen to exist. We also rely on Cartesian closedness in most examples.

2 Functor-functor interaction

We begin with functor-functor interaction, to then proceed to the monad-comonad interaction laws in
the next section.

2.1 Functor-functor interaction laws

In a functor-functor interaction law, computations over a set of values X are elements of F'X where F is
a given functor. Machine behaviors over a set of states Y are elements of GY where G is another given
functor. Any allowed computation and any allowed machine behavior can help each other reach a return
value and a final state by interacting as prescribed.

We define an functor-functor interaction law on C to be given by two endofunctors F', G together
with a family of maps
dxy  FXxGY - X XY

natural in X and Y.

Ezxample 1. The archetypical example of a functor-functor interaction law is defined by FX = A = X,
GY = AxY,and ¢ (f, (a,y)) = (f a,y) for some fixed object A. But we can also take, e.g., FX = A = X,
GY =C xY,and ¢ (f,(c,y)) = (f (he),y) for some fixed map h: C — A.

Ezample 2. A more interesting example is obtained by taking FX = A= (Bx X),GY = Ax (B=Y),
o (f,(a,g9)) = let (b,x) « fain (x,9b). We can vary this by taking GY = (A = B) = (A xY) and
¢ (f.h) =let (fo, f1) < fi(a,y) < h fo in (fra,y).

Example 3. If C has the relevant initial algebras and final coalgebras, we can get interaction laws by
iterating the above interactions, e.g., with FX = uZ. X+ (A= (Bx Z)) and GY = vW.Y x (Ax (B =
W), or with FX =vZ. X+ (A= (Bx Z)) and GY = uyWW.Y x (A x (B = W)). We will shortly explain
the construction of ¢ in the first of these two cases.

An interaction law map between (F, G, ¢), (F',G’, ¢’) is given by natural transformations f : F — F”,
qg: G’ — @G such that (]5ny o (idFX X gy) = ¢IX,Y o (fX X idG/y).

Interaction laws form a category IL(C), where the identity on (F,G, ¢) is (idp,ids), and the compo-
sition of (f,g) : (F,G,¢) — (F,G',¢') and (f,¢') : (F.,G',¢') — (F",G",¢") is (f' o f.gog'). The
condition on a interaction law map is met for the composition because of the commutation of the diagram

PX,Y
FXXGY —— X xY

FX xGY

idx g4

¢x,y
FXxG"Yy FXxGY—=XXxY

idx g%
fx xid /

F'XxG"Y

f xid

1/ 1 ¢l)l<,y
F'XxG"Y ——= X xY
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The composition monoidal structure of [C,C] induces a similar monoidal structure on the category
IL(C). The tensorial unit is (Id, Id, idjgxi4). The tensor of (F, G, ¢) and (J, K, ) is (F"-J, G- K, pop-(J x K)).
The tensor of (f,g) : (F,G,¢) — (F',G',¢') and (j, k) : (J,K,¥) — (J,K',¢') is (f - j,g - k). The

condition on an interaction law map is met by the commutation of

PIX,KY YXy
, FJX)x GKY) — S JX x KY —> X xY
idx Gky
) ’ idx k
_ FJX) x G(K'Y) SRR JX x K'Y
idX 9K y:
F(JX) x G(K'Y)
frxxid ¢’ ,
TEIX) % G(K'Y) S IXXKY,
X 1
Im qi’fﬂx,K/y

w/
F(JIX)xG(KY)—5 S XX K'Y -5 X xY

2.2 Two degeneracy results

Here are two simple degeneracy results. We first recall the notion of operation for monads and functors.

A comment on operations The concept of (algebraic) operation of a monad can be defined in several ways.
Given a monad T', an n-ary operation of T' can be defined to be a natural transformation ¢’ : (TX)" — TX
(where X™ is n-fold product of X with itself) satisfying

X

(TTX)" % 77X

(HX)"i J{“X

(TX)" ——=TX

This is the format used by Plotkin and Power [27]. (We do not require here that T is strong and drop
compatibility with the strength.) Alternatively, we can say that it is a natural transformation ¢ : X™ —
TX and drop the requirement of commutation with u, as done by Jaskelioff and Moggi [19].

We can also say that it is a map 1 — Tn (a “generic effect” in the sense of Plotkin and Power [26])
but, for this to amount to the same as the previous alternative, one needs that T is strong.

If a finitary set monad T is determined by a Lawvere theory (£, L) where L is a category with finite
products and L : F°P — L is identity on objects and strictly product-preserving, one can say that an
operation is a map n — 1 in £. Given a monad T on an arbitrary category C, its large Lawvere theory
is ((KL(T"))°P, J°P) where J : C — KI(T') is the left adjoint of the Kleisli adjunction. A map n — 1 in
(KI(T))°P is the same as amap 1 — Tn in C.

In this paper, we prefer to work with operations as maps ¢ : X™ — T'X because this format is intuitive
and economic in proofs by diagram chasing but also because it makes sense when T is only a functor and
not a monad.

Functors with a nullary operation For the functor Maybe X = (just : X)) + (nothing : 1), it should be
clear intuitively that it cannot have a nondegenerate interacting functor: from the element nothing, of
Maybe 0, one cannot possibly extract an element of 0. Formally, we have the following theorem.

Theorem 1. If a functor F has a nullary operation, i.e., comes with a family of maps cx : 1 = FX
natural in X, then any interacting functor G is constant zero, i.e., GY =20 for any Y.

Proof. Indeed, for any Y, we have the map

(1,id) co xid %0,y ft

GY —=1xGY ——= F0 x GY 0xY 0

Since the initial object of an extensive category is strict (any map to 0 is an isomorphism), we can
conclude that GY = 0. a

The theorem applies to Maybe since it comes with a nullary operation nothingy : 1 — Maybe X.
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Functors with a commutative binary operation A similar no-go theorem holds for commutative binary
operations.

Theorem 2. If a functor F has a commutative binary operation, i.e., comes with a family of maps
cx + X x X — FX natural in X such that cx = cx osymy x, then any interacting functor G is constant
zero, i.e., GY =20 for any Y.

Proof. Let B = (tt: 1) 4 (ff : 1). Then, for any Y, the map

) cg Xid 0 :
fr=0y % 1 xey U BxB) x oY ZEs FBx GY 2> BxY S - B

has the property that noto fy = fy:

B x B) x GY
sym Xid
(1,id) (FF tt) Op,y fst
GY ——=1x GY —— B)XGYHFBXGY BxY B
\ (not x not) X id \LFnotxid \Lnotxid inot
(tt, ff) 05 v -
BXB)XGYHFIBXGY ">BxY —=B

By stability of coproducts under pullback in an extensive category, we can pull the coprojections of
B back along fy

and the result is a pullback again.
Now we have

so by disjointness of coproducts in an extensive category we have a map hy : PY — 0 as a unique map
into the pullback 0 of tt and ff:

—_

Since the initial object is strict in an extensive category, it follows that GY 22 0. O
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The degeneracy problem can be overcome by switching to a residual version of interaction laws,
discussed in detail in Section [p| below. As a sneak preview, given a monad R on C, an R-residual functor-
functor interaction law is given by two endofunctors F', G and a family of maps ¢ : FX xGY — R(X xY)
natural in X, Y. The monoidal structure of the category IL(C, R) of R-residual functor-functor interaction
laws relies on the monad structure of R. Typically, one would use the maybe, finite nonempty multiset
or finite multiset monad as R.

2.3 On the structure of IL(C)

We now look at some ways to construct functor-functor interaction laws systematically.

“Stretching” Given a functor-functor interaction law (F,G, ¢) and natural transformations f : F/ — F
and g : G’ = G, we have a functor-functor interaction law (F',G', ¢ o (f X g)).

Self-duality For any functor-functor interaction law (F, G, ¢), we have another functor-functor interaction
law (F,G, )" = (G, F,¢™") where ¢ty = symy x 0 ¢y,x 0 sympy y. This object mapping extends
to maps by (f, )"V = (g, f), so we have a functor ( )Y (IL(C))°P — IL(C). The functor (—)™V is an
isomorphism between (IL(C))°P and IL(C).

The final functor-functor interaction law The final functor-functor interaction law is (1,0, ¢) where
oxy = 1x0 Mo L XxY. By self-duality, the initial functor-functor interaction law is (0, 1, ¢*V).

Product of two functor-functor interaction laws Given two functor-functor interaction laws (Fy, Gy, ¢o)
and (F1,G1, ¢1), their product is (Fy x Fy,Go + G1, ¢) where

oxy = (FoX x FX) x (GoY +GhY) —=

(FoX x FyX) x GoY + (FoX x F1X) x Gy —=dtsndxid_

P +¢
FoX xGoY + X x G Y X X s Y+ X xY — Y o X xY

By self-duality, the coproduct of (Go, Fy, ¢fV) and (Gy, F1, ¢%V) is (Go + G1, Fo x F1, ¢™V).

An initial algebra-final coalgebra construction Assume that C has the relevant initial algebras and final
coalgebras. Given functors F,G : C x C — C and a family of maps ¢x yvw,z : F(X,Z) x GY,W) — X x
Y +Z x W natural in X, Y, Z, W. Then we have an interaction law (F’,G’, ¢') where F'X = uZ. F(X, Z),
G'X =vW.G(Y,W) and ¢’ is constructed as follows. We equip G'Y = (X xY) with an F(X, —)-algebra
structure 99(’3/ by currying the map

id Xoutg(y,—)
_

GX,Y = F(X, QY = (X X Y)) x G'Y

PxX,v,G'Y=(XXY),G'Y

F(X,G'Y = (X xY)) x G(Y,G'Y)

e Y+ X XY Ve X4Y

XxY+(GY=(XxY))xGY
The map ¢y y is obtained by uncurrying the corresponding unique map qSX v FFX—=GY = (XxY)
from the initial F(X, —)-algebra.

Restricting to fixed F' or G Sometimes it is of interest to focus on interaction laws of a fixed first functor
F or a fixed second functor G (and accordingly on interaction law maps with the first resp. the second
natural transformation the identity natural transformation on F resp. G). We denote the corresponding
categories by IL(C)|r,— and IL(C)|_ . The isomorphism of categories IL(C)°P = IL(C) given by (—)™"
restricts to (IL(C)|z,—)°? = IL(C)|-

The final object of IL(C)|r,— is (F,0,¢) where

bxy = FXx0—">0—">XxY

By self-duality, the initial object of IL(C)|_ r is (0, F, ¢™"). About the initial object of IL(C)|r, - we will
see in the next subsection.
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2.4 Functor-functor interaction in terms of the dual
If C is Cartesian closed, then we can define the dual G° of an endofunctor G on C by
G°X = [,GY = (X xY)
provided that this end exists, and the dual ¢° : G° — G'° of a natural transformation g : G' — G by

g;{ :fng = (XXY)

This construction is contravariantly functorial, i.e., if the dual is everywhere defined, then we have (—)°
[C,C]°P — [C,C]. The existence of all the ends required for this is a strong condition (e.g., a small category
that has all limits under classical logic is necessarily a preorder by an argument by Freyd [21]). But for
well-definedness and functoriality of (—)° in the general case, it suffices to restrict it to those endofunctors
on C that happen to have the dual or, if one so wishes, to some well-delineated smaller class of functors
that are guaranteed to have it (e.g., to finitary functors if C is locally finitely presentable). For (—)° to
be a contravariant endofunctor on some full subcategory of [C, C], we can restrict it to those endofunctors
on C that are dualizable any finite number of times or to some other class of functors closed under the
dual. Throughout this paper, we deliberately ignore this existence issue: we either explicitly prove for the
ends of interest that they exist or we use such ends on the assumption that they happen to exist.
We have
FoY
Jy C(GY, [(FX = (Y x X)) = fY’XC(GY x FX,Y x X)
> [y C(FX x GY, X xY) = [( C(FX, [,GY = (X xY))

G°X

where by the top-level ends we just indicate collections (not necessarily sets) of natural transformations,
so existence is not an issue.

Thus, to have a functor-functor interaction law of F', GG is the same as to have a natural transformation
¢ : F'— G° or a natural transformation ¢ : G — F°.

Under the first of these identifications, an interaction law map between (F,G,¢) and (F',G’,¢’) is
given by natural transformations f : FF — F’ and g : G’ — G satisfying g° o ¢ = ¢’ o f. Under the
second one, an interaction law map between (F, G, ¢) and (F',G’, ¢') is given by natural transformations
f:F— F and g: G' — G satisfying po g = f° o ¢'.

We have thus established that these categories are isomorphic:

(o) the category IL(C) of functor-functor interaction laws;

(i) the comma category [C,C] | (—)° of triples of two functors F, G and a natural transformation F' — G°;

(ii) the comma category (—)°°" | [C,C]°P of triples of two functors F,G and a natural transformation
G — F°.

From these observations it is immediate that IL(C)|- ¢ = [C,C]/G° and IL(C)|r - = F°\[C,C]°P.
Hence, the initial object of IL(C)|_ ¢ is (0, G,...) while the final object is (G°, G, ...). The initial object
of IL(C)|F,— is (F, F°,...) while the final object is (F,0,...).

2.5 Dual for some constructions on functors

Here are constructions of the dual for some basic constructions of functors.

Dual of the identity functor 1d° = Id.
Proof. Let GY =Y. Then
G"X:/ Y = (X xY)
Y

%/(1:>Y):(X><Y)
Y

=2 X x1
> X
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Duals of terminal functor, products of a functor, initial functor, coproduct of two functors
— Let GY = 1. Then G° X 0.

Proof.

G°X:/1;s(XxY)
Y

— Let GY = AXG'Y. Then G° X 2 A = G°X.
Proof.
GOX:/ AXG)Y = (X xY)
Y
g/ A= (GoY = (X xY))
Y
gA;»/ GoY = (X xY)
Y
=A=GyX
— A little more generally, for GY => a: A.G'aY, one has G° X 2 [[a: A.(G'a)° X.
— Specializing to A =0 resp. A =B, we learn: Let GY =0. Then G°X 2 1. Let GY =Gy Y + G, Y.

Then G° X = G3 X x G$ X.

Dual of exponents of the identity functor Let GY = A =Y. Then G°X = A x X.
Proof.

G°X:/(A:Y):(X><Y)
Y

2 X x A
~Ax X

Ezample 4. Let GY = Yt = pZ.Y x (1+Z) =2 > n : N.([0.n] = Y) (nonempty lists). We have
G°X 2[[n:N.(]0.n] x X).

Sometimes only a “lower bound” on the dual of a functor constructed from some given functors can

be expressed in terms of their duals. This holds for the composition of two general functors, incl. for
exponents of a general functor.

Dual of exponents of a general functor Let GY = A= G'Y. For a general G’, we only have a canonical
natural transformation with components A x G°Y — G°Y.

Proof.
G°X = /(A:>G’Y):>(X><Y)
Y
e/ Ax (GY = (X xY))
Y

%Ax/G'Yﬁ(XxY)
Y
:AXG/OX
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Dual of composition of two general functors For general Gg, G1, we only have the canonical natural
transformation m&o:¢1 1 G§ - G — (Go - G1)°.

Proof.
G°X:/G0(G1Y):>(X><Y)

e//w:»GIY):»(GOZ:»(XxY))
Y JZ

g/GOZ:>/(Z:G1Y):>(X><Y)
Z Y

<—/GOZ:>/(G'1Y:>(X><Y))><Z
Z Y

g/ZGOZ:»((/YGIY:»(XxY))x(/Z))

Y
= / GoZ = (G(I)XX Z)
z
= Go(GrX)
This hints that (—)° : [C,C]°P — [C,C] is not monoidal, but only lax monoidal (see Section [3.4)).

Ezample 5. Let GoY = A = Y, G4Y = BxY,s0 GY = (Go-G)Y = A = (BxY)
(A= B)x(A=Y).Thedualof Gis G° X = (A = B) = (AxX) rather than (G§-G{) X = Ax (B = X)
as we might perhaps expect. We saw the interaction law of G with G° in Example 2] The canonical natural
transformation m@-G1 : Gg - G — G° is m&:C1 (a, f) = Ag. (a, f (ga)).

3 Monad-comonad interaction

3.1 Monad-comonad interaction laws

In a monad-comonad interaction law, the allowed computations (the chosen notion of computation) must
include “just returning” and be closed under sequential composition, so they are defined by a monad
rather than a functor. To match this, the allowed machine behaviors (the notion of machine behavior) are
defined by a comonad. The idea is that interaction of a “just returning” computation should terminate
immediately (in the initial state of the given machine behavior) whereas interaction of a sequence of
computations should amount to a sequence of interactions.

We define a monad-comonad interaction law on C to be given by a monad T' = (T, 7, u) and a comonad
D = (D,e,d) together with a family 1) of maps

Uxy :TX xDY - X xY

natural in X and Y (i.e., a functor-functor interaction law of 7', D where T' and D carry a monad resp.
comonad structure) such that also

YTX,DY VXY
) XXY=—==XxY ) TTrX x DDY —TX x DY — X xY (1)
|d><y idxdy
X x DY TTX x DY
nx Xid VXY wx Xid VXY
TX xDY — X XY TX x DY XxY

Ezxample 6. Take TX = A = X, DY = AxY and ¢ (f,(a,y)) = (fa,y) for a fixed object A. The
functors T' and D are a monad (a reader monad) resp. a comonad and 1 meets the conditions ([1f).

Ezample 7. Take TX = Bx X, DY =B =Y ,9¢((b,x),9) = (x,gb) for a fixed monoid B. The functors
T, D are a monad (a writer monad) resp. a comonad and ¥ meets the requisite conditions.

Ezample 8. Take TX = A= (Bx X), DY =Ax (B=Y), ¥ (f,(a,9)) =let (b,x) < fain (x,gb) for
a fixed monoid B acting on a fixed object A. The functors T', D are a monad (an update monad [6]) resp.
a comonad and 1 meets the requisite conditions.
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Monad-comonad interaction laws are essentially the same as monoid objects in the monoidal category
IL(C) of functor-functor interaction laws. To be precise, a monad-comonad interaction law ((T,n, u),
(D,e,6),%) yields a monoid ((T, D, ), (n,), (i, 0)) and vice versa.

A monad-comonad interaction law map between (T, D, ), (T',D',4") is a pair (f : T — T',g
D’ — D) of a monad map and a comonad map that, as a pair of natural transformations between the
underlying functors, is a functor-functor interaction law morphism between the underlying functor-functor
interaction laws.

Monad-comonad interaction law maps correspond to monoid morphisms in IL(C). Thus monad-
comonad interaction laws form a category MICIL(C) isomorphic to the category Mon(IL(C)).

3.2 A degeneracy result

Monads with an associative operation Here is a degeneracy theorem for monad-comonad interaction laws.

Theorem 3. If a monad T has an associative binary operation, i.e., family of maps cx : X x X - TX
natural in X satisfying

(X x X)x X 25 px x 7X X5 7rX

X><(X><X) PP rx xTX 55 TTX

then, for any comonad D and interaction law Yxy : TX x DY — X XY, we have

(X % X) x X x DY I ¥ « 7X x DY XL 71X« DY P8 TX % DY
YXx,y
fstxidxidi/
cx xid VXY
X x X x DY TX X DY —— X xY
idxsndxidT
VXY
X % (X x X) x DY X x « 17X x DY XL 71X < DY XS 71X & DY

Proof. For any Y, by distributivity in an extensive category, B x Y is a coproduct of Y and Y with
coprojections (tto !, id) and (ff ol id).

By stability of coproducts under pullback in an extensive category, we can pull 0 y o(cgo (tt, ff)o!, id) :
DY — B x Y back along the coprojections of B x Y and get that DY is a coproduct of two objects PY
and QY with coprojections iy and jy:

hy

PY Y
iY\L \L(tto!,id)

((tt,ffyo!,id) cp xid YB,Y

DY —— > BxBxDY ————=TBxDY ———=BxY

ij T(ffo!,id)
ky

QY Y

It is easily checked that we have

fstxid

X XX xPY —— X x PY

idx hy
idXiy

c i vx,
X x X xDY XS rx x py 20 x x v

ideYT /
idx k
snd X id Y

XXX XxQY ——= X x QY

Also by stability of coproducts under pullback, we can pull dy : DY — DDY back along the copro-
jections of DDY and get that DY is a coproduct of two objects P'Y and Q'Y with coprojections #, and
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Py . ppy

./ .
1y \L \LlDY

Sy
DY —— DDY

JQ/T T]‘DY

QY -2~ QDY

Hence, for any X, by distributivity, also X x (X x X) x DY is a coproduct of X x (X x X) x P'Y
and X x (X x X) x Q'Y with coprojections id x #, and id x j3 .

Now, the two maps ¥ x,y o¥rx,py ©(crxonx X cx ) xdy and ¥x,y obrx, py o (crxonx X (nxosnd)) x dy
both satisfy both triangles of the unique copair of ¥ x y o (nx ofst) X (hpy o fy) and ¥x y o (cx osnd) x
(kpy o gy), i.e., they are the same map. Indeed, we have

X x PDY
y &
X fy 7IX Xex Xid fstxid
X x (X xX) x P'Y D5 % (x x X) x POY ST w x x oY —2 s Tx « PDY

; v . . . . idXhpy
idX iy, idXipy idXipy
idX 8y nx Xcx xid e x Xid YTX, DY X,y

XX(XXX)XDY — > XX (X X X)X DDY —>TX XxTX x DDY —> TTX X DDY —>TX X DY —> X XY

idx 54 idXjipy idXjipy
dxkpy
idx nx Xecx Xid snd X id

2%
XXx(XxX)xQY —=>Xx(XXX)XxQDY ——=>TX xTX x QDY ——>TX x QDY

X x X x QDY

And, using associativity, we also have

X x PDY

fstxid nx xid
id X snd X fy M m

XX (XXX)XxPY—>XXxXxXxPDY ——TX xTX x PDY —— TX x PDY dnch
xh
%ldxzy ¢ld><7/Dy ¢|d><1Dy : by
idXsndx 5y nx Xnx Xid cpx Xid TX,D YXY
XX(XXX)XDY—>X><X><DDY—>TX><TXXDDYHTTXXDDYHTXXDY*)XXY

ﬁ‘idxﬂ'g/ /FideDY /T\idijy /
idXsndx gy nx Xnx Xid snd X id idXkpy

XX(XXxX)xQY ——>XxXXxQDY ———=>TX xTX x QDY ——>TX x QDY

ass~ 1 xid fstxid X x QDY

| e s
idX gy cx Xnx xid

(X Xx X)X XXQY —>(XXX)xXxQDY ——>TX xTX x QDY

dejy vdeDY vdijy
idX &y cx Xnx Xid x Xid
(X x X)X X x DY ——> (X x X) x X x DDY 257X x TX x DDY ~——> TTX x DDY

| ex Xnx xid cx Xid m,

(XXX)XXXDY%TXXTXXDY%TTXXDY id
px Xi
\ vXy

ass— 1 xid TX x DY X XY

nx Xex Xid ex xid %,

XX(XXX)Xx DY —>TX XTX x DY — > TTX x DY

idx 5y

H X8y nx Xecx Xid TX,DY VYX.|Y
(XXX)XDYHXX(X><X)XDDYHTXXTXXDDYHTTXXDDYHTXXDYHXXY

%ldXJy . ﬁ.dijY i ﬁldX]Dy /
idx g xid snd xid idx ky

gy o
XX (XXxX)xQY —>=Xx (X XX)x QDY ——>=TX x TX x QDY ——> TX x QDY

X x X x QDY
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The desired result now follows by the following calculation:

VXY
TX x DY TX x DY X XY

cx xid Tnx Xid o Xid
M m Xéy YTX,DY YX,Y H
XXX XDY —TXXTX XDY —=TTX X DY — = TTX X DDY — > TX X DY —> X XY

|d><5nd><|d¢

nx Xex Xid X8y YTX, DY YX,Y
X><(X><X)><DY4>TX><TX><DY4>TTX><DY4>TTX><DDY4>TX><DY4>X><Y

TX x DY X XY

O

Ezample 9. The monad TX = X of nonempty lists (the free semigroup delivering monad) comes with
an associative operation dbltx : X x X — T X defined by dblt (zg, 1) = [0, 21]. The degeneracy theorem
tells us that, while functor-functor interaction laws can accomplish this, no monad-comonad interaction
law can extract xy from a list [zg, 21, z2] and more generally any middle element z; (0 < i < n+1) from
a list [l‘o, ce ,$n+1}.

Just as functor-functor interaction laws can be generalized to a residual variant to counteract degen-
eracies, so can monad-comonad interaction laws (see Section .

3.3 On the structure of MCIL(C)

We now explore the structure of the category MCIL(C). As this is the category of monoid objects of
IL(C), the structure of MCIL(C) is in many respects similar to IL(C). But there are also important
differences.

“Stretching” Given a monad-comonad interaction law (T, D,), a monad morphism f : 77 — T and a
comonad morphism ¢ : D’ — D, we have a monad-comonad interaction law (1", D', ¢ o f X g).

Final and initial monad-comonad interaction laws The final monad-comonad interaction law is (1,0,1))
where ¥xy : 1 x 0 —= X x Y is the evident map.
The initial monad-comonad interaction law is (Id, Id, idjgxid)-

Product of two monad-comonad interaction laws Given two monad-comonad interaction laws (Tp, Dy, 1)
and (T, D1,1), their product is (T x Ty, Do+ D1, ¢) where ¥x y : (To X xT1 X)X (DoY+D1Y) - X XY
is defined as in Section [2| The product of the underlying functors of the two monads is the underlying
functor of their product.

Coproduct of two monad-comonad interaction laws The coproduct of two monad-comonad interaction
laws is given by the coproduct of the two monads, the product of the two comonads and a suitable natural
transformation. The coproduct of two monads is complicated to construct. For two ideal monads, it can
be expressed in terms of initial algebras of endofunctors on C x C (mutually inductive types) [14].

Interaction laws of a composite monad Given two monad-comonad interaction laws (Tp, D,o) and
(T, D,v1) and a monad-monad distributive law A of T7 over Ty. Then Tp - Ty is a monad. If ¢y and
11 are matching in the sense of commutation of

1Ty x,DY
idx By T ToX x DDY ——— Ty X x DY 4> XxY
/
TlToX x DY
Ax X8y Yor, xX,DY Y1x,y

ToT' X X DDY ———=T1 X x DY — = X xY
then we have a monad-comonad interaction law (Tp - T, D, 1) where

idx 8y Yor X,DY

T0T1X><DDY—>T1X><DY—>X><Y

'I/JX’Y = ToTlX x DY

The condition above is precisely the condition for (A,idp) to be a map between the functor-functor
interaction laws (T4 - To, D, oot - (To x D)o (id,., X 6)) and (Ty-T1, D, 101 - (T1 X D)o (idg,.1, X 0)).
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Interaction laws of a composite monad and a composite comonad Given two monad-comonad interaction
laws (Ty, Do, o) and (11, D1,11), a monad-monad distributive law A of Ty over Ty and a comonad-
comonad distributive law k of Dy over Dy. Then Tj - T7 is a monad and Dy - Dy is a comonad. If 1y and
11 are matching in the sense of commutation of
1Ty X, DY
T1To X X D1DOY ——TpX X DOY % XxY

TlToX X DOD1Y

Ax xid Yo, X,D1Y Y1x,y

ToTh X X DoD1Y —————T1 X xDY ———= X xY
then we have a monad-comonad interaction law (Tp - 11, Do - D1, 1) where

T)X,D1Y

Yxy = ToTiX x DoDvY w2522 1 x o py XY oy

The condition above is precisely the condition for (A, %) to be a map between the functor-functor
interaction laws (Tl . T07 D1 . D0,¢0 o wl . (TO X Do)) and (TO . T]_,DO . Dlawl o ’(/JO . (Tl X D1>)

An initial algebra-final coalgebra construction The initial algebra-final coalgebra construction from Sec-
tion[2] gives a monad-comonad interaction law if we start with a parameterized monad 7', a parameterized
comonad D [35] and a family of maps ¢xyzw : T(X,Z) x D(Y,W) — X xY + Z x W natural in
X,Y, Z, W that agree in the sense of commutation of the diagrams

. X XY ———————X x Y
X x D(Y,W) inl
e

VXY, Z,W
T(X,Z)XD(Y,W)HXXY—FZXW

P s W), Z, Yx. vy, z wtid
T(T(X, Z), Z) x DD, W) W)= TR 2y x DY, W)+ Zx W (X x Y + Zx W)+ Zx W

idxdy w

/
T(T(X,Z),Z) x D(Y,W) id-+inr
px,z xid VYX,v,Z,W
T(X,Z)x D(Y,W) XxY+ZxW

We get a monad-comonad interaction law (77, D’,¢’) where T'X = uZ.T(X, Z), D'Y = vW.D(Y, W)
and 1’ is defined as in Section [2} The functors 7" and D’ carry monad resp. comonad structures [35] and
the natural transformation v agrees with those.

Free monad-comonad interaction law If C has relevant initial algebras and final coalgebras, then, given
an interaction law (F, G, ¢), the free monad-comonad interaction law is provided by the free monad F*
and the cofree comonad GT and a suitable natural transformation 1)’.

The free monad is given by F*X = pZ. X + FZ. Its monad structure is induced by the parameterized
monad T'(X, Z) = X + FZ. Similarly, the cofree comonad is given by G'Y = vW.Y x GW. Its comonad
structure is induced by the parameterized comonad D(Y,W) = Y x GW. In order to construct v’
following the construction we described in the previous paragraph, we need to construct a family of maps
Yxyvzw (X+FZ)x (Y xGW) = X xY +Z x W natural in X,Y, Z, W. This is defined as follows:

Uxyvzw = (X +FZ) x (Y x GW) 4= _idist_

X x (Y x GW) + FZ x (Y x GW) L&

id
X XY+ FZxGW 22 oY+ 2 xW

Restricting to fired T or D We denote the categories obtained from MCIL(C) by fixing the monad T" or
the comonad D by MCIL( )|7,— and MCIL(C)|— p. The final object of MCIL(C)|r,— is (T,0, ) where

snd

Yxy =TX x0>0 < X x Y ; note that 0 is the initial comonad. The initial object of MCIL(C)|-,p

is (Id, D, ) where ¢xy = X x DYldXSY X x Y ; this is because Id is the initial monad.
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3.4 Monad-comonad interaction in terms of dual and Sweedler dual

Similarly to case of functor-functor interaction laws and maps between them, the dual allows us to
obtain useful alternative characterizations of monad-comonad interaction laws and their maps. But a
complication arises, see below ]

First, let us notice that we have, canonically, a natural transformation e : Id — Id° and, for any F, G,
a natural transformation mp ¢ : F°-G° — (F-G)°. These are informally defined by exz = A\y. A\y. (z,y) :
X = Y = (X xY)and (mpe)xf = Ay. Az.let (g,w) < fayzingyw : [, FY' = ([, GY" =
(X xY") xY' — [, F(GY) = (X x Y). The natural transformation e is a natural isomorphism; its
inverse e~ : Id° — Id is defined by ey' f =let (z,.) + flxinz: [,V = (X xY) = X.

The data (e, m) satisfy the conditions to make (—)° : [C,C]°P — [C,C] a lax monoidal functor wrt. the
(Id,-) composition monoidal structure of [C,C].

Now, as a first alternative characterization, a monad-comonad interaction law of T and D is essentially
the same as a natural transformation ¢ : T'— D° satisfying

mp,D

ld—==1d° T.-T—% p°.p° "2 (p.py

a ) |- l ) Jse

T ——D° T D°

Now, since (—)° : [C,C]°P — [C, (] is lax monoidal, it sends monoids in [C, C]°P to monoids in [C, (], i.e.,
comonads to monads. In particular, it sends the comonad (D, ¢,0) to the monad D° = (D°,e°oe, §°om).
The conditions above are precisely the conditions for ¢ to be a monad map from T to D°. Summing up,
a monad-comonad interaction law of T, D amounts to a monad map v : T — D°.

As a second alternative, a monad-comonad interaction law of T, D is given by a natural transformation
¥ : D — T° satisfying

ld—*>1d° D.D—Yeqo.o "L (7.0 (2)
ET Tn" BT Tu"
D$T° D ¥ T°

Now, unfortunately, (—)° is not oplax monoidal, so it does generally not send comonoids to comonoids,
and T° is generally not a comonad. We could define a candidate counit for 7° as e~ on°®: T° — Id, but
there is generally no candidate for the comultiplication as we cannot invert mp 7. So we cannot generally
say that a monad-comonad interaction law is a comonad map from D to T°; the functor 7° is not a
comonad.

But it may be that there exists what one could informally describe as the greatest comonad smaller
(in an appropriate sense) than 7°°. The formal object of interest here is what we call, following the use of
this word in other contexts [3TJ30/I7], the Sweedler (or finite) dual of the monad T'. It is really just the
greatest among all comonads D satisfying conditions .

We say that the Sweedler dual of the monad T is the (unique up to isomorphism, if it exists) comonad
T* = (T*,n°, u®) together with a natural transformation ¢ : T® — T° such that

s mT,T

ld —— 1d° T - T* —>T°.T° ——= (T -T)° (3)

A A

T® s T° T ¢ T°

and such that, for any comonad D = (D,¢,d) and a natural transformation ¢ satisfying conditions ,
there exists a unique comonad map h : D — T satisfying ¢ = ¢ o h as summarized in the following

diagrams:
s mT,T

T T 5 T°.T° — > (T-T)°

hh >
o| V¥
m

The left-hand diagrams of (3)) and (2)) are secondary in this definition. In the left-hand diagram of (3)),
n® is determined by ¢ as n®* = e ! on° or. The left-hand diagram of commutes trivially when ¢ = toh
for some comonad map h.

5 We discuss these isomorphisms of categories only on the level of objects here.
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Now, if T" has the Sweedler dual, there is a bijection between monad-comonad interaction laws of T,
D, i.e, natural transformations v : D — T° satisfying 7 and comonad maps h : D — T°. Indeed, any
natural transformation v satisfying induces a unique comonad map h such that toh = 1) by definition
of T'®. On the other hand, for a comonad map h, we get a natural transformation v satisfying simply
as the composition ¢ o h. These constructions are inverses.

To sum up, we have proved that the following categories are isomorphic:

(o) monad-comonad interaction laws;

(i) triples of a monad T, a comonad D and a monad map from T to D°;

(ii) triples of a monad T, a comonad D and a natural transformation from D to T° subject to conditions
2);

(iii) triples of a monad 7', a comonad D and a comonad map from D to T°°.

We see that the initial object of MCIL(C)|_ p is (Id, D, . ..) while the final object is (D°, D, ...). The
initial object of MCIL(C)|r,— is (1,7, ...) while the final object is (T',0,...).

Calculating the Sweedler dual is a complicated matter and we will come to it in Section[6] But here are
two examples where the dual of the underlying functor of a monad is not a comonad and the underlying
functor of the Sweedler dual differs from the dual.

Ezample 10. In Example {4} we saw that the dual of the functor TX = Xt (nonempty lists) was
T°Y = [[n : N.[0..n] x Y. While the functor T is a monad (the free semigroup delivering monad),
its dual T° is not a comonad. The Sweedler dual is T*Y =Y x (Y +Y), n°* (y,-) = v, §° (y,inly’) =
((y,inly"),inl (3/,inly")), 6% (y,inry’) = ((y,inry’),inr (v inry’)), with ¢y : T°Y — T°Y defined by
t(y,-)0 = (0,9), (5, inly")(n + 1) = (0,¢), ¢(sinry)(n+ 1) = (n + 1,y'). The monad-comonad
interaction law ¢¥xy : TX x T°Y — X x Y is defined by ¢ ([zo],(v,-)) = (z0,v),
(0 ([l‘o, s vxn+1]7 (*7 inl y/)) = (mOv y/)’ (0 ([l‘o, s 7xn+1]v (*7 inry’)) = (xn-i-lv y/)'

Ezample 11. We learned in Example [5| that the dual of the functor TX = A = (B x X) is T°Y =
(A= B) = (AxY). But the Sweedler dual of T as a monad when B is a monoid acting on A is
T°Y =Ax(B=Y),(a, f) = Ag.(a, f (ga)). In Example[8] we showed the monad-comonad interaction
law of T" and T'°.

4 Stateful running

Monad-comonad interaction laws are related to stateful runners as introduced by Uustalu [36]. Next
we present the basic facts about runners using the Sweedler dual and then explain the connection to
monad-comonad interaction laws.

4.1 Runners

A runner is similar to a monad-comonad interaction law but the allowed machine behaviors are restricted
to operate on a fixed state set and their dynamics is also fixed (in the sense that, for any prospective initial
state, there is a behavior pre-determined). Only the initial state is not fixed. The state set is manifest
but the notion of machine behavior and the pre-determined dynamics are coalesced with the interaction
protocol into the natural transformation that is the runner. The runner is a polymorphic function sending
any allowed computation and initial state into a return value and a final state.

Given a monad T = (T,n,u) on C, we call a (stateful) runner of T' an object Y with a family 6 of
maps
Ox :TX XY - X XY

natural in X, satisfying

01 x Ox
X xY XxY TTX XY —TX XY — X XY

nXXid\L H MXXidi H
0 0x

TX XY 2> XxY TX xY XxY
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Ezample 12. We revisit Example [5| about the update monad TX = A = (B x X) defined by an action
l: AXx B — A of amonoid B on an object A. An update lens [5] is an object Y together with maps
lkp: Y — A, upd : Y x B — Y such that lkp is a map between the B-sets (Y, upd) and (4,]). Any
update lens gives us a runner of T via 0x : (A= (Bx X)) xY — X xY defined by 0 (f,y) = let (b,x) +
f (Ikpy) in (x,upd (y,b)). In fact, runners of this monad are in a bijection with update lenses and those
in turn are essentially the same as coalgebras for the comonad DY = A x (B=Y).

A runner map between (Y,0), (Y’',0') isamap f: Y — Y’ satisfying (idx x f)of0x = 0y o(idrx x f).
Runners and their maps form a category Run(T).

Like monad-comonad interaction laws and maps between them, runners and maps between them
admit a number of alternative characterizations.

The first one is that runners of T are essentially the same as objects Y endowed with a monad map
¥ : T — St¥ where St¥ = (St¥, Y, 1Y) is the state monad for Y whose underlying functor is defined by
StYX =Y = (X x Y). This is via the bijection of natural transformations

fXC(TX xY, X xY) %fXC(TX,Y:> (X x Y))
—_———
StY X

Under this bijection, the runner conditions amount to the monad map conditions

9 stY 9
X ——X TTX —TX seVrx 22 EetVstY x
UX\L i/n}/( FX\L i,u}/(
9
TX —-St¥ X TX Ix StV X

A map f:Y — Y’ is a runner map between (Y, 4), (Y', ') iff

Ix
TX ——Y = XxY d=idx f

Y= XxY'

9 IX

TX sy = X xy’ 74

Second, a runner of the monad T is also essentially the same thing as a coalgebra (Y, ) of the functor
T° satisfying the conditions

(m7, 1)y

e T°
Y —21d°Y Y — > T°Y — > T°T°Y — (T - T)°Y (4)
| fs
v Y TV v Y T°V

This is because of the bijection

JYC(TX XY, X x V)= [LC(Y x TX,Y x X) 2 C(Y, [\ TX = (Y x X))

Toy
A runner map between (Y,7), (Y’',7') is a coalgebra map, i.e., amap f:Y — Y’ such that

~

Y ——T°Y

f\L ) l/f

v’ HW- V'
Recall that the functor T is generally not a comonad as my 7 is not invertible, so we cannot generally
speak of functor coalgebras satisfying conditions as comonad coalgebras.

Lastly, recall that the costate comonad for an object Y is defined by Cost’ = (Costy,sy,éy) is
defined by Cost* Z = (Y = Z) x Y, e¥(f,y) = f v, 8 (f,y) = (\/.(f,y'),y). This gives us a third
characterization: a runner is essentially the same as an object Y together with a natural transformation
¢ between the underlying functor of the costate comonad Cost? and the functor T° satisfying

ld —= >1d°  Cost” - Cost” — s 1°.7° "L (.70 (5)

A 5

S
CostY ———T° CostY T°
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This is because of the bijection
C(Y,T°Y) %EIfZC(Y = ZY=>T°2)2 [,C(Y = Z)xY,T°Z)
—_———
CostY Z

A runner map between (Y, (), (Y’,{’) isamap f:Y — Y’ satisfying

’

¢z o
(fw?(Y:Z)xY—xrz
(Y = Z)xY
idx f

Y= 2)xY ——>T°Z
z
If the Sweedler dual comonad T'® of the monad T exists, then we can continue this reasoning. We see
that a runner is the essentially the same as an object Y with a comonad morphism between CostY and
T* and that is further essentially the same as an object Y with a comonad coalgebra of T°°.
Summing up, we have established that the following categories are isomorphic:

) runners of T

) objects Y with a monad map from T to StV

ii) functor coalgebras of T° subject to conditions (4));
) objects Y with a natural transformation from CostY to T° subject to conditions ;
) objects Y with a comonad map from CostY to T*:
) comonad coalgebras of T°.

—~

4.2 Runners vs. monad-comonad interaction laws

Monad-comonad interaction laws of T', D are in a bijection with D-coalgebraic T-runner specs by which we
mean carrier-preserving functors between Coalg(D) and Run(T), i.e., functors ¥ : Coalg(D) — Run(T)
such that

Coalg(D) Run(T)

N

C
Indeed, given a monad-comonad interaction law v, we can define a runner spec ¥ by

i VX,
(T (Y, 9)x = (Y, TX x Y 257X x DY 2% X x V)

In the opposite direction, given a runner spec ¥, we build a interaction law from the cofree coalgebras of
D. For any Y, we have the cofree coalgebra (DY, dy) and define a monad-comonad interaction law ¢ by
¥ (DY,s idxe
bxy = TX x DY 2% x o py Y Ly wy

A pair of a monad map f : T — T’ and a comonad map ¢ : D’ — D is an interaction law map between
(T, D,v) and (T’, D’,4’) iff the corresponding coalgebraic runner specs satisfy

Coalg(D) BN Run(T)
Coalg(g)T TRU“OC)
Coalg(D") LA Run(T)

(Notice that Coalg(—) : Comnd(C) — CAT and Run(—) : (Mnd(C))°® — CAT.) So the categories of
monad-comonad interaction laws and coalgebraic runner specs are isomorphic.

More modularly, but assuming that all Sweedler duals exist, the isomorphism of the categories of
monad-comonad interaction laws and coalgebraic runner specs follows from the following sequence of
isomorphisms of categories, using that Run(T") = Coalg(T*):

(o) monad-comonad interaction laws;

(i) triples of a monad T, a comonad D and a comonad map between D, T'®;

(ii) triples of a monad T', a comonad D and a carrier-preserving functor between Coalg(D), Coalg(T*);
(iii) coalgebraic runner specs.

6 As T° is necessarily strong, we can apply an internal version of the Yoneda lemma.
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5 Residual interaction and running

We will now generalize interaction laws to allow that that not all of the effect of a computation is serviced
by a machine behavior in an interaction.

5.1 Residual interaction

Given a monad R = (R, n', u*) on our base category C. We can generalize functor-functor and monad-
comonad interaction laws as follows.
An R-residual functor-functor interaction law is given by endofunctors F, G on C together with a
family of maps
dxy  FX xGY - R(X xY)

natural in X, Y.
An R-residual interaction law map between (F, G, @), (F',G’,¢") is given by natural transformations
f:F—F' g:G — G such that

[
FX x GY — R(X x Y)

idxgy

FX xGY

/ / ¢&7Y
F'X xGY —>R(X xY)

R-residual functor-functor interaction laws form a category IL(C, R).

This category is monoidal. The tensorial unit is (Id,1d,n™ - (Id x Id)). The tensor of (F,G,¢) and
(J,K,)is (F-J,G-K,ufoR-vyo¢-(J x K)).

An R-residual monad-comonad interaction law of a monad T and a comonad D is a family ¢ of maps

Yxy :TX x DY - R(X xY)
natural in X and Y, satisfying

XXY——XXxY

idxey
X x DY i"lng

PX,Y
TX x DY ——> R(X x Y)

R
avs, TTX x DDY X2 Rrx x DY) ™% RR(X x V)
TTX x DY l“gxy
-
wxxd Py py Y R(X x Y)

Ezample 13. Let RX = X + E (the exceptions monad). Take TX = A = (X + E), DY = A X Y; these
are a monad and a comonad. The natural transformation ¢ (f, (a,y)) = case fa of (inlz — (inlz,y) |
inre — inre) satisfies the conditions of a R-residual monad-comonad interaction law.

R-residual monad-comonad interaction laws are the same as monoid objects in the monoidal category
IL(C, R).

R-residual monad-comonad interaction law maps are defined as expected and correspond to monoid
morphisms.

The category MCIL(C,R) of R-residual monad-comonad interaction laws is isomorphic to
Mon(IL(C, R)).

5.2 Relationship to interaction laws on Kleisli categories

It is tempting to guess that an R-residual functor-functor interaction law of F'; G would be the same thing
as a functor-functor interaction law on the Kleisli category of R. But this is jumping to conclusions too
hastily. For something like this to be feasible, we need, first of all, that F', G lift to K1(R). A necessary and
sufficient condition is the presence of distributive laws of F' and G over R, i.e., natural transformations
k:F-R— R-Fand A: G-R — R-G agreeing with the monad structure of R. Then we define the
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lifted versions of F, G on objects by FX =rX, GY =GY;formaps k: X = RX' (:Y — RY', we
define Fk=kx o Fk: FX —+ RFX' and G¢ = Ay oGl : GY — RGY".

Moreover, we also need to lift x to K1(R) as a bifunctor and monoidal structure. For this, a necessary
and sufficient condition is monoidality of R as a monad, i.e., the presence of a family of maps mxy :
RX x RY — R(X xY) natural in X, Y agreeing with both the product monoidal structure of C and the
monad structure of R. (This is the same as R being commutative strong monad.) For objects, we then
define X XY =X xY, and for maps k : X — RX', (:Y — RY’, we define k X £ = mx:y o (k x0):
X xY = R(X'xY").

The naturality condition for ¢xy : FX X GY — R(X x Y) as an interaction law of F, G is: for all
k. ¢,

dx.y
FX xGY R(X X Y)
FkxGE R(kx20)
FRX' x GRY' R(RX' x RY")
Kyt XAyr Rm?},ﬁy,
RFX' x RGY' RR(X'xY")
m?X’,GY/ “fé'xy’
Roxr vy #)R;/XY/

R(FX' x GY') —> RR(X' X Y') — > R(X' x Y)

But the naturality condition for ¢ as an R-residual interaction law of F', G is: for all f, g,

ox,

FX xGY —2 s R(X x Y)

FfXGg\L \LR(fw)
¢X’,Y’

FX' x GY' —> R(X' x Y")

The first condition implies the second:

Px,
FX x GY = R(X xY)
FfxGg R(fxg)
FX' x GY’ R(X xY)
FnQ,XGng, R(n§/ ><’7§/)
FRX' x GRY' R(RX/ X RY’) R\ xy’
"gx/xcyl mx1 XAy ng/,y’
Pxt v RFX' x RGY’ RR(X' X Y’)
m?x’,cy' Hf’;/xy/
Roxr yr H?/Xy/

R(FX' x GY') ——= RR(X' xY') ———> R(X' x Y")

R
%

R(X'xY")

The second condition gives the first condition restricted to pure maps of KI(R) (maps in the image
of the left adjoint J the Kleisli adjunction of R), i.e., for maps k, ¢ of the form k = Jf = nx:/ o f,
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{=Jg=ny og:

ox,
FX x GY o R(X xY)
FfxGg R(fx9)
/ / bxr, v
FkxGt FX' xGY R(X xY) R(kx£)
3 XGnyy nﬁ(xzxy/) R(nf, xnil
FRX' x GRY’ xn&s, R(RX' x RY")
K1 XAy n?xszy ng',y’
RFX' x RGY’ RR(X' xY")
m?X/,GY/ “g;’xY’
R
’ ’ Rext v ’ ’ Bxrxyr ’ ’
R(FX'xGY') ——— RR(X' xY') —— R(X' x Y’

We thus see that R-residual functor-functor interaction laws are more liberal than functor-functor
interaction laws in K1(R) in that we do not need the distributive laws and monoidality of R and that the
naturality condition is weaker (only required for pure maps).

5.3 Residual stateful running

Similarly to interaction laws, the concept of runners can also be generalized.
Given a monad R = (R, n, u®) on C. An R-residual runner of a monad T' = (T,n, ) on C is an an
object Y with a family 6 of maps
Ox :TX xY — R(X x Y)

natural in X, satisfying

Orx ROx
XXY=—=XxY TTXXY L5 RTX xY)—2 RR(X xY)
77X><id\L l/"?)%xy l"XXid\L i#;xy
0
TXXY 2= RIXXY) TXxY ox R(X x Y)

A map of R-residual runners of T between (Y,0), (Y',0') isamap f:Y — Y’ satisfying

TX xY —2= R(X x Y)

idxfl iR(idxf)

0
TX xY' — > R(X xY")

R-residual runners of T form a category Run(T, R).

R-residual runners of T" are essentially the same as objects Y endowed with a monad map ¢ : T —
St?Y where St®Y = (StR’Y,nR’Y,uR7Y) is the R-transformed state monad for Y whose underlying
functor is defined by St™"Y X =Y = R(X x Y).

This is via the bijection of natural transformations

[ C(TX x Y,R(X x Y)) = [C(TX,Y = R(X x Y))
—_— —
SthY X

Under this bijection, the R-residual runner conditions amount to the monad map conditions

ITX R Y St IX e RY e RY
X—X TTX ——=St"""TX ——=St"" St X

nX\L \LU)B(’.,Y “Xl/ \LH?Y
9 9

TX —Xs sthYx TX X sttY x
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A map f:Y — Y’ is a map of R-residual runners of T between (Y, 4), (Y',¢') iff

9 x
TX ——Y = R(X xY) ide R(idx f)
T

Y = R(X xY')

9
TX —>Y = R(X xY’)

f=id
So the categories of R-residual runners of T" and objects Y equipped with a monad map from T to StftY
are isomorphic.

6 Monoid-comonoid interaction

Exploiting that monads and monad-like objects like arrows or lax monoidal functors (“applicative func-
tors”) are monoids has turned out to be very fruitful in categorical semantics (see, e.g., [T9IT0I33]).
We now explore this perspective by abstracting monad-comonad interaction laws into monoid-comonoid
interaction laws. This leads us to further known concepts and methods from category theory.

6.1 Interaction laws and Chu spaces

The first step in generalizing interaction laws to monoids and comonoids is to account for interaction
laws as maps in a category. Recall that the Day convolution [12] of functors F,G : C — C where C is a
category with finite products is given by

(FxG)Z=[YVC(X xY,Z) e (FX x GY)

provided that this coend exists. (We take the same stance toward the question of well-definedness of the
Day convolution as we took toward the well-definedness of the dual in Section ) By reasoning about
natural transformations, we see that interaction laws for a pair of functors F and G amount to maps
¢ Fx* G — Id¢:

JxyC(FX x GY, X xY) 2 [ . Set(C(X x Y, Z),C(FX x GY, Z)) = [,C((F xG)Z, Z)

We see that a functor-functor interaction law is a triple (F, G, ¢ : F x G — Id¢), i.e., a Chu space [7] over
the monoid object Id¢ wrt. the Day convolution monoidal structure on [C,C]. An interaction law map is
a Chu space map under this view, so the category IL(C) is isomorphic to the category Chu([C,C],ldc).

This is nice, but not fine-grained enough for developing an abstract foundation for our theory. The
canonical monoidal structure on Chu(F, R) (where R is a monoid object in F) is based on the monoidal
structure of the base category JF, which in our case is the Day convolution, and uses pullbacks. But we are
interested in a different monoidal structure on IL(C) that is based on composition and gives us monads
and comonads as monoids resp. comonoids. We fix this mismatch by moving to one of the cousins of the
Chu construction: glueing a la Hasegawa.

6.2 Interaction laws and Hasegawa’s glueing

Hasegawa’s glueing construction [16] works as follows. Given two monoidal categories F = (F, 17, @),
G =(G,19,®9) and a lax monoidal functor ((—)°,e,m) : G — F. The comma category F | (—)° carries
a monoidal structure given by:

=719, I7 5 (I9))

Ma,a’

(F,G,0)® (F,&\¢) = (FF F,ae &, For 22 o " (G ad @) )
Also, if F and G are closed and G has pullbacks, then F | (—)° is closed.

An interesting case of this construction is when we start with a duoidal category (F, I, ®, J,x) closed
wrt.  [3[13]. This is a category with two monoidal structures, and among its data are amap x : I«xI — I
and a family of maps {pp g (FOF)*x(G®G) — (F*G)® (F' xG') natural in F, F',G,G".
Moreover, given a monoid (R,nt, uf?) in (F,I,®), we define (=)° : F~ — F by G° = G — R. This
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functor (—)° is lax monoidal wrt. the (I, ®) monoidal structure, since as witnesses e, m of lax monoidality
we have the curryings of

R
¢=IxI=>1-"5R
R
Mo = (G°RG°)+ (CRG) — = (°*G) @ (G°+G) L Re R >R
Since F, F", (=)° fulfill the assumptions of the glueing construction, F | (—)° is monoidal. A monoid
in this category is what we will recognize as a R-residual monoid-comonoid interaction law in the duoidal
category F.

To recover the usual functor-functor and monad-comonad interaction laws, we take (F,I,®, J, %, =)
to be [C,C] with its composition monoidal and Day convolution monoidal closed structures, and define
G° = G — Id. An object of F | (—)° is a functor-functor interaction law while a monad-comonad
interaction law is a monoid object of this category. We ignore the issue that x and — need not be well-
defined everywhere on [C,C]. As we remarked before, this can be solved by restricting to a full subcategory
of [C,C] given by some class of functors that is closed under x and — (such as finitary functors, cf. [13]).

The notions of dual and Sweedler dual emerge as follows in this setting. When the * monoidal structure
is symmetric, we also have

(=)°
FP T =F
u
(=)°°P
since, for any F,G € [[C,C]|,
F(F,G)2F(F+xG,d) =2 F(G*F,Id) 2 F(G,F°) 2 F°P(F°, Q).

Because of this adjunction, we call (—)° the dual.
Since the functor (—)° is lax monoidal, it lifts to a functor between the respective categories of monoids
(bear in mind that Mon(F°P) = (Comon(F))°P):

(Comon(F))°P o Mon(F) (6)

4o

FP
However, its left adjoint (—)°°” is only oplax monoidal, but not lax monoidal, so we cannot get a
similar diagram for (—)°°?. We want to find a substitute for this lifting, in particular, we want a left
adjoint for the lifted (—)°:

(=)°
e

(Comon(}"))oLT/ Mon(F)

(=)*°®

We obtain not a natural isomorphism between two functors (Comon(F))°P — F as in diagram (6]), but
instead only a natural transformation ¢ : (—)°°" - U — U - (—)*°” between two functors Mon(F) — F°P.

(Comon(F))°P o Mon(F)
Ul N iU

Fop F

(_)oop

We call the functor (—)® : (Mon(F))°? — Comon(F') the Sweedler dual.

6.3 Sweedler dual for some constructions of monoids

As we have seen in the setting of monad-comonad interaction laws, it is not always easy to find the
Sweedler dual. In the remainder of this section, we focus on the cases of free monoids and free monoids
quotiented by “equations” for one method to compute them.
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Let F* be the free monoid on F. In this case, if the cofree comonoid on F° exists, then it is the
Sweedler dual of F™*, i.e., we can show that (F*)® = (F°)'. This is seen from the following calculation:

(Comon(F))°P((F°)", D) 2 Comon(F)(D, (F°)') = F(UD, F°)
~ Fop(F°, UD) & F(F,(UD)°) = F(F,UD°) = Mon(F)(F*, D°)

This observation facilitates calculation of Sweedler duals of free monads (i.e., theories without equations).
A natural question is to ask what happens in the presence of equations. Suppose that we have a monoid
T given as a coequalizer

fL

E* F T

gL

in Mon(F) where (—)T is the left transpose of the free/forgetful adjunction between F and Mon(F). The
maps f,g: E — UF* of F represent a system of equations in a set of variables £, and we can think of T’
as being the monoid obtained by calculating the free monoid and then quotienting by the equations. We
can try to obtain the Sweedler dual of T' by constructing a “dual” diagram as follows. We can instantiate
¢t at F* and obtain a map tp« : (UF*)° — U((F*)*) in F°P, i.e., a map tp» : U((F*)®*) — (UF*)° in F.
By composing with f° and ¢°, we get:

o

U((F)t) =U((F*)*) - (UF)° E°

o

g9

The Sweedler dual T of T is now obtained as an equalizer in Comon(F) by
(foorpx)T
T (F) = ()
(g°0tpx)"

where (—)% is the right transpose of the forgetful /cofree adjunction between Comon(F) and F.

Ezample 14. Revisiting Example the nonempty list monad TX = X arises as the quotient of the
free monad Ty X = puZ. X + Z x Z by the associativity equation for its operation cx : X x X — Ty X,
i.e., the equation

(X x X) x X XX 10X ) Ty X —2 TyTo X
Bx

T~

ass ToX

rXx

X x (X % X) XL X x ToX — TyTo X

The monad Tj is the free monad on the functor FX = X x X. The dual of F'is GY = Y +Y . The Sweedler
dual of T is the subcomonad of the cofree comonad T3Y = vW.Y x (W + W) by the coassociativity
coequation for its cooperation ¢}, : T3Y — Y +Y, i.e., the coequation

’
(&

Y chtey
o TTY ——=T3Y +T3Y ——= (Y +Y) +Y
Y
TO.Y lass
5y ch&X

+c4
TSTSY — > T3Y +T3Y — LY + (Y +Y)

With some calculation, we can find that T°Y =Y x (Y + Y)ﬂ The comonad map ¢ : T* — 1 is defined
by i (y,inly’) = (y,inl (i (¢',inly"))), i (y,inry’) = (y,inr (i (v, inry’))),

Compared to T, the comonad T is relatively degenerate because coassociativity entails corectangu-
larity (while associativity does not entail rectangularityED, as the following theorem shows.
Theorem 4. Given a comonad (D,e,0) on C with a cooperation ¢y : DY —Y +Y. We show that the
coequation of coassociativity

cy ey

DDY 25 Dy + DY X (Y 4+ Y) +Y

- |-

ey tcy

Y U DDY 2% DY + DY XY 4 (Y 4Y)

 This calculation was carried out in detail in [36].
8 In band theory, left and right rectangularity are the equations (zxy)xz=xzxzand zx (y*z) = * 2.
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implies left and right corectangularity, i.e. the two coequations

cy tey

DDY 2% Dy + DY XX (Y +Y) 4+ Y

= s

¢y

DY Y+Y

\\ \Lid+inr
Y ey tey

DDY 2% DY + DY 22Xy 4 (Y 4Y)

Proof. We can pull cpy o dy back along the coproduct coprojections (the existence of these pullbacks is
part of extensivity):
fy

PY DY
iyl l;nl
DY -~ ppY ¥~ Dy 4 DY
ij Tinr
QY a8 DY

By stability of coproducts under pullback (which is also part of extensivity), (DY, iy, jy) is a coproduct
PY and QY.

For right corectangularity, we notice that the two maps (ey + cy) o cpy o dy and (Y +inr) o (ey +
€y) o cpy o dy both satisfy both triangles of the unique copair of inl o ey o fy and inro ¢y o gy, so they
must be the same map. Indeed, we have both

PY Iy DY Y Y
iy\L J{inl l/inl
& c £ c
DY —~ DDy 2% Dy + DY 2Ly 4 (Y + V)
ij Tinr Tinr
QY ai DY > Y+Y
and, using coassociativity, also
fy ey
PY DY Y Y
iy inl inl inl
Sy c¢py ey t+ey id+inr
DY —= DDY —2%> DY + DY Y+Y Y + (Y +Y)
jYT Tinr Tinr
QY ol DY .

Y
i/inr \Linr
cy tey

5 c @
DY —> DDY — > DY 4+ DY — = (Y +Y)4+Y —=>Y + (Y +Y)

|,

py —2~ ppy 2% DY + DY ey Y+ (Y +Y)
T]’Y Tinr Tinr
QY ” DY > Y+Y

The result now follows from noticing that (ey + ey) o cpy 0 oy = ¢y

5 c
DY — > ppY -2Y> DY + DY

\ | pex e

Dy — = svyv4y

Left corectangularity is proved analogously. a
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Example 15. Going back to Example the update monad TX = A = (B x X) with B = (B,¢,®) a
monoid and (A,]) a B-set arises as the quotient of the monad ToX = pZ. X + (A = Z) + (B x Z) by
the following three equations for its operations c¢x : (A = X) —» ToX and dx : B x X — TpX:

nx

X ToX

id= (o Xid) id=cx dryx nx ‘
A= (1xX)—= A= (BxX)—= A=>TX —ToToX —=ToX

idxdx drgx KX
Bx (BxX)—= BxTyX —TyToX —= T X

_ ) |

(BxB)x X . Bxx ToX

id=-dr, x Ty Ty X #g?)
A= (B X T()X) —> A= ToToX —— ToToTo X ——= T X

id=dx eTy X bx ‘
A= (Bx(AxB)= X)) — > A= (Bx X) — = A= )X — > TyTyX —> > TpX

The monad TpX is the free monad on the functor FX = (A = X) + B x X. The dual of F is GY =

(AXY)x (B = Y). The Sweedler dual of the monad 7T is the subcomonad of the cofree comonad

T3Y =vW.Y x (Ax W) x (B = W) on the functor G resulting from imposing the following coequations

on its cooperations ¢y : I0Y - Ax Y and d}, : T3Y - B=Y:

id=(idxcx)
_—

A= (Bx (A= X))

\Lidé(idx(,t:sid))

€Yy

oY

/
ClT.Y

Y
5 id x ¢4 id id T
TeY — 2 TRTY —C s A TSY —% A x (B=Y) XOZD 4 1=Y)

Sx (:IY id:c/Y
Y > T3TyY — > B=TY — > B= (B=Y)

, Lo

Y & B=>Y -2 (BxB)=Y

’ . ’
5 °r, idxdrpey idx (id=c)

*TeY
TYY ——=TeTeTY —> AXTETY —> Ax (B=TgY) ———>= Ax (B= (AxY))

Tidx(id:(ixid))
Sy 4 idx df,

TY — = T3T3Y ———= AXTY — > Ax (B=Y) —= Ax (B= ((Ax B) xY))

Calculating, we can find that T°Y & A x (B = Y)ﬂ The comonad map ¢ : T* — T is defined by
i(a, f) = (fo,(a,i(a, f)),\b.i(a L b . f(b&b))).

7 Related work

Works closest related to this paper on monad-comonad interaction laws are Power and Shkaravska’s work
on arrays (lenses) as comodels [32], Power and Plotkin’s study of tensors of models and comodels [28],
Abou-Saleh and Pattinson’s work on comodels for operational semantics [I], Mggelberg and Staton’s
work on linear usage of state [22] and Uustalu’s work on runners [36]—the starting point for this work.
Pattinson and Schroder [24] studied equational reasoning about comodels and noted the degeneracy from
nullary and binary cocommutative cooperations; see also Bauer’s tutorial [§]. Runners share some features
with Plotkin and Pretnar’s algebraic effect handlers [29], we describe them in the end of this section. In
their new work [4], Ahman and Bauer proposed a language design for (residual) runners.

Hancock and Hyvernat’s work on interaction structures [15] centers on the canonical interaction law of
the free monad on F° and the cofree comonad on F where F' is a container functor. (Intuitionistic) linear-
logic based two-party session typing [34] is very much about canonical interaction between syntactically
dual functors, as we discuss in the end of this section. The same idea is central in game-theoretic semantics
of (intuitionistic) linear logic (formulae-as-games, proofs-as-strategies) [2].

9 Also this calculation appeared in [36].
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Runners vs. handlers There are some similarities between handlers (now often called deep handlers) to
runners, but also significant differences.

Given a monad T = (T,n, ) on C. We are interested in handling or running computations specified
by T.

A handler [29] for an object (value set for input computations) X is mathematically an algebra of the
monad T on X, i.e., an object Z (return value set) with a map « : TZ — Z satisfying the conditions of
a monad algebra, that also comes with a map f: X — Z.

A handler induces a unique map h : TX — Z satisfying

":j \

TX > 7
MXT Ta
TrX =Tz

as ((T'X, ux),nx) is the free algebra of T' on X.

A runner, as we know, can be taken to be an object Y (state set) with a monad map from T to the
state monad St¥ = (StY,nY, pY), ie., a natural transformation ¥ : T — St¥ such that, for any X, we
have

X
nk
nx
9 x v
TX > StY X
Pux
nx StYstY X
. ,T\ﬂSch
TTX o= TStY X

We know that that such natural transformations 1} are in a bijection with coalgebras of the comonad
T* with carrier Y, i.e., maps v : Y — T*Y satisfying the conditions of a comonad coalgebra.

We can see that a handler induces a map h with domain T'X where X an arbitrary fixed object; the
codomain of h can be anything—Z7 is an arbitrary fixed object. A runner, at the same time, is a family
of maps ¥x with domain TX where X can be varied to be any object. The codomain of ¥x is of a
prescribed form—it has to be St¥ X where Y is an arbitrary fixed object. The map h is induced by an
algebra of the monad T while the family of maps ¥ x is induced by (and also induces) a coalgebra of the
comonad T°°.

We can make this comparison fairer by acknowledging that algebras (Z, ) of the monad T are in a
bijection with monad maps from T to the continuations monad (ContZ ,n%, %) for the answer set Z,
defined by Cont?X = (X = Z) = Z. Then for any X and f : X — Z, the map h from diagram @
factorizes as

X
n%
nx
13 k. k f
TX Xoi> Cont?X — M g
bz
I15's Cont?Cont? X
Te ¢§ContZX
TTX X TCont? X

where £ : T — Cont? is the monad map corresponding to the algebra structure oo : TZ — Z.

Now both the handler-induced function £ and the runner 9 are functions with domain 7'X polymorphic
in X. Still the handler-induced function ¢ is specified by an algebra of the monad 7" while the runner 9
is specified by a coalgebra of the comonad T°°.

Conceptually, handlers and runners/interaction laws are really different in that, in the case of handlers,
effects are treated inside a computation while runners/interaction laws use an outside machine to do this.
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Session types In session type systems, one usually works with an inductively defined set of types along

the lines of
G=Y return

| Go+ G; internal choice
| Go x Gy external choice
| Ax Gy output

| A= Gy input

where Y is a type variable and A is a base type. (For simplicity, we ignore inductive and coinductive types
here.) Internal choice and external choice are really just special cases of output resp. input for A = B.
The dual of a type is defined recursively by

Yo=Y
(Go+ G1)° = GS x GS
(Go x G1)° = G5 + G
(Ax Go)° = A= GS
(A= Go)° = A x G

This syntactically defined dual agrees with our semantic concept of the dual of a functor, except for
the last clause where a discrepancy arises. We work in an arbitrary Cartesian closed category. In session
typing a linear setting is intended.

8 Conclusion and future work

We hope to have demonstrated that monad-comonad interaction laws are a natural concept for describing
interaction of effectful computations with machines providing the effects. They are well-motivated not
only as a computational model, but also mathematically, admitting an elegant theory based on concepts
and methods that have previously proved useful in other mathematical contexts, such as the Sweedler
dual.

There are many questions that we have not yet answered. What are some general ways to compute
the Sweedler dual? Power’s work [32] suggests a sophisticated iterative construction based on improving
approximations. What is a good general syntax for cooperations and coequations? What can be said
about the “dual” and the Sweedler “dual” in the presence of a residual monad and how to compute them
in this situation? How to compute the Sweedler dual in some intuitionistic linear setting adequate for
session typing?
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